Transformation of
Stress and Strain



Stress

e Stress is a measure of the internal forces in a
body between its constituent particles, as they
resist separation, compression or sliding in
response to externally applied forces.

 The mathematical definition of stress is
defined as; the force exerted per unit area.
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Stress at a point
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Stress Tensor
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Strain Tensor
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Transformation of stress and strain
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Plane State of Stress

* Plane stress - In a given state of stress if 0,=0,

T,,=0 and t,,=0. g,
0, L,
- . T

0’,(—— e

| Xy

| T

I Y O, 1_90' ¢
| —o,

]

Xy

/ tv(---r--
// | TIY
v
O,

y
(a) Plane stress (b) Conventional representation




* STRESS ANALYSIS

1. Direct Stress Condition

2. Bi1-axial Stress Condition

3. Pure Shear Stress Condition

4. Bi-axial And Shear Stress Condition



DIRECT STRESS CONDITION
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dy = the length of the side BC
ds = the length of the side AC
o_ = normal stress acting on the plane BCDE
= normal stress acting on the plane ACDF
= tangential or shear stress acting on the plane ACDF
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T, ds+ o, .dysind=0
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EQUATIONS OF o and T4

1.DIRECT STRESS CONDITION

Oy = 0y cos” 6
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2. BI-AXITIAL STRESS CONDITION

* Let dx, dy and ds be the lengths of sides AB,
BC and AC respectively
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Resolving the forces in the direction of Tys

To dsto_.dy-sing— o,.dxcosf=0

Oydysin@ Oydxcos@ _ O,dysin 5yd’50059
T&"_—— + Bk

ds ds dy/cos 9 dx/sin @

= -ﬂxsin90059+0‘ysmﬁcc}56

—~(0;—0)sin 6 cos @ = —%(crx — 0, )sin 20



Resultant stress,

F =

r \/ C5 + 73
{5 (Cx+0y)+ —2~ (05— 0y)cos 2’9} + {—-f—z""(d',‘ -0, )sin'ze} *_
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of inclination of the resultant with oy -
Tg ~(0,—0y)sin@ cos6 i Gy=Oy

tan @ = —— =
Cg. ©,COS 6+,0'ys1n 0 Oy 00t9+0’ tan &

the angle

or inclination of the resultant with the normal stress,

~For greatest obliquity
do
. -'-EFx-COSeCZE? +0,y sec” 0 0 or c':c'x-cose,cgﬂ =0y secggﬂ
tan’ @ = Ox or tan@= Ox
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The angle of inclination of the resultant with o, |
0, dx _Jy'dy-tanﬂ B oy

tan & = = S
C,-dy O, dy Oy

tan 8
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o The notmal stress on the inclined plane varies between the values of

increased from 0° to 90°. For equal values of the wo axia] stresses (o =

0re,

o and 7 as the angle f is
(ry), 0y 15 always equal to o

o The shear stress is zero on planes with angles 0° and 90°; '

‘ 1.e., on horizontal and vertical planes. It has
maximum value numerically equal to one half the difference between given normal stresses which
occurs on planes at + 45° to the given planes, ‘ |

and the normal stress across the same plane,
W {5287 iy ST 1 anl
0-45°=§(Gx+o-y)+E(Gx_G\’)008900=5(G.r+6)’)

e Shear stress in a body subjected to two equal perpendicular stresses is zero

o If any of the given stresses is compressive, the stress can be replaced by a negative sign in the above
derived expressions, i.e., o, with—o_and o, with —Oy ' '
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EQUATIONS OF ogand t4

BI-AXTAL STRESS CONDITION

1 I
Opg = 5(03r +0,)+ 5(0"' — 0, )cos26

1
Ty —E(Gx — 0, )sin 26
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PURE SHEAR STRESS CONDITION
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dx cos0 taﬁzsm@ T dx cosf 'cdysm9
ds ds .. dx/sm9 _ dylcos8@

= 7 sin 8 cos @ + 7 sin 6 cos 6 =7 - sin 20

Lo e

Resolving the forces i in the direction of 7, '
Ty ds =T - aﬁv 0089+')" dx - sm9 0

T dy cos 6 _desmﬁ_rdycnsﬂ . T dx sin
ds ds dylcos@  dx/sin 8

T, =

— TCOSZQ—Tsin29=T|:[1+c;S 29]—[1_C;S 26)]='rcos 20
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The resultant stress.on the plane AC, o, = 1!0’3 + TS = 'r\/ (sin 20)° + (cos 26)*

= T :
sin 260

cos 20

= I:pclination with the direction of shear stress planes, tan ¢ = = tan26

or =20



Equations for
PURE SHEAR STRESS CONDITION



BI-AXIAL AND SHEAR STRESS CONDITION

T+ OIS C
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o, ds=o, " dy c039+o*y-dx'sin9+fr-dy-sin6+'r-dx'0089

o, dycosf cydxsin® 7.dysin@ 7-dxcosO
= + + +
2 ds ds ds ds
_ O, dycos® | o, dxsin 8 : Tdy sin 6 + Tdx cos 0
~ dylcos 8 dx/sin 8 dy/lcos@  dx/sinB

o

= 0x00329+o'ysin29+‘L'sin90039+*csin90039

= chuszgd-d' 3i_1126'+':sin29

y

1+ cos 20 1 -cos 26 o
= 0, +0, + 7 -sin 20
2 - 2

= %(ox +0,)+ %(ox— G, )Cos 20+ - sin 26
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Resolving the forces in the direction of 7,

T@’ds+0'x°dy-sinO—ay'dvcosO—-T-dy-cosB+fr-dx-sin9'=0

o,.dysinf. O dxcos@ 7-dycos@ 7T-dxsin
- P Y + 5
ds ds . ds . ds

_Oydysin Oy dy cos 0 , Tdycosf zdrsin. ‘
dy/cos 6 dx/sin 6 dy/cos@  dx/sin @

= -stin90059+0'ysin9cos9+rcos29--rsin26

- _—%(O'x—oy)sinZB H[(Hc;sze]_[l—cgszeﬂ

; 1
- _E(Q-I —0,)sin26 + 7 cos 20

’Toz
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To determine the planes having maximum and minimum values of direct stress,

_‘.ff_ﬁ.zo--l-(dx—'ﬂ'y) 2s5in 26 + 27 - cos 20 =0
do 2
%(cfx ~ 0,)25in20 = 27 - cos 26
tan 20 = o
Oy~ 0y



Equations for
BI-AXTAL AND SHEAR STRESS CONDITION

1 . =
Op = %(0}& cy) +§-(0'x—0'y)cos 20 + 7 -sin 26

To = —%(ﬂ'x-ﬂy)sinw + T cos 26



SUM OF DIRECT STRESSES ON TWO MUTUALLY
PERPENDICULAR PLANES

Direct stress on an inclined plane at angle @ is given by,

1
Og~

= E(O-I_I_G}?).-I_ %(Gx — o) cos 20 + T - sin 20

Direct stress on an inclined plane at angle (6-+90°) will be,

O(0+90°) = %(crx +0y)+ %(ox —0y)cos2(0 +90°) + 7-sin2 (8 +90°)
: 1 268 — T - sin 26
E(GI'E'J}’)__E(GI_G}#)CGS |

Cg + ﬁ(g_l_gon) =0, T (.Ty



PRINCIPAL PLANES
AND
PRINCIPAL STRESSES



PRINCIPAL PLLANES

Planes which have no shear stress. These planes

carry only normal stresses

PRINCIPAL STRESSES

Normal stresses acting on principal planes



v’ Larger of two stresses
o, — Major principal stress

v' Smaller
o, — Minor Principal stress

v’ Corresponding  planes are

MINOR principal planes

MAJOR

and



As shear stress is zero in principal planes,

Tg= -%(O'x — 0y )sin 20 + 7 cos '29. =0

%(O'I—q},)sin 20 =7 cos 26

27T

tan 26 = -
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] :
(G:+05)+ E(Gx — 0,)c0s26 + T-sin 26

Hl
T

l (O, 0') e 2T

2\[(0 — Oy ) + 472 .\/(o,—oy)-2+4r7'
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MAXIMUM (PRINCIPAL) SHEAR STRESSES

g
2

For maximum value of 7, differentiate it with respect to 6 and equate to zero,

Tg (0, —0,)sin 28 + 7 cos 26

‘%ﬂ = (0~ 0, )c0s26 ~ 2 5in 20 =0




c,— O

sm29 T 4
\[(o' —G'},) + 47°
"‘{Gx-o-y
cos 26 = L :
\((c,r _o.)* + 412
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Tg = _%(% -0, ) sin 20 + 7 cos 26
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1 _ =
Tmﬂzz\/(ﬂ'x“ﬁy)z-[-ﬂ-f

. 1 1
maximum principal stress, 0= E(J x+Oy)+ EJ(JI -0, )2 + 47°

g - 1 |
minimum principal stress, 0, = 2(0‘ +0 )———\/(cr - ) +4’r

Subtracting (1) from (1), 0y — 05 = J(gx - 0'},)2 + 472

Tmax = _(Jl - 03)

Tll'lﬂ?i

—(r.:rl crz)—l\/(cr - 0 ) +41':



27
{TI*-'{T},
0,—0C

2T

principal planes are given by, tan 26 e

Y

planes of maximum shear stress, tan 260 = —
tan 26p - tan 26 = -1 which means 26 = 26p +90° or 6, = ep + 45°

indicates that the planes of maximum shear stress lie at 45° to the planes of principal stresses
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NORMAL STRESS ON THE PLANES OF
MAXIMUM SHEAR STRESS

Direct stress on an inclined plane is given by

| 1 :
;= E(ﬁx-!-o‘},) +E(ﬁx——6},)cns 20 + 7 -sin 20

1 R
E(crx + ﬁ},) + COS 29[E(Jx — cry) + 7 - tan 29]

-

C,— Oy

1 1 5o
= —Z“(Ux-i- 0,)+cos 29[5(::&— o,)—7 s

p—
—

1
E(UI—F{T},)



Mohr’s stress circle
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OC = %(OC + 0C) =%(0F —~CF)+ (OE +CE)

—};(OF ~CF)+ (OE +CF)

1
~(OF +0E) = -;-(ox +0y)

CL = CR cos 260 = CF cos 20 = %(o“' -0, ) cos 26

cccccc

(CR =CF)



1 1
Thus OL = OC + CL = —2-(0'x+ o,)+ E(O'x —~0y)cos26 =0,

" And LR= CR sin 20 = CF sin 26 = %(ox _5,) sin20=1,
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A positive expression of 7, indicates it is clockwise for counter-clockwise angle .

The resultant of OL and LR is represented by OR at an angle ¢ with the UL, 1.e., with the direction of o,

e Direct stress component on the inclined plane BD represented by OR is on the right side of the ongin,

it is positive or tensile.

e Shear stresses giving a clockwise rotation are assumed positive and are above ihe x-axis. In the present
case. the shear component LR represents a clockwise direction. | '

‘e The stress components on a plane DG perpendicular to BD are obtained by rotating the radial line CR
through double the angle, i.e., 180° in clockwise or counter-clockwise direction. Thus, CS represents

the plane DG. OM indicates the tensile component and the SM the shear component.



Two Direct stresses with simple shear
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Principal Stresses

As shear stress is zero on the principal planes, OF represents
the major principal plane with maximum normal stress.

In a similar way, OF represents the minor principal plane.
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The angles of inclination of planes
of major and minor principal stresses are
B/2 and (90° + B/2) respectively clockwise

with the plane of stress o..
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Q). For the stress system shown in the diagram, find
the normal and shear stresses acting on the inclined
plane using Mohr’s circle method. Also find the
resultant stress and its direction

40 MPa

60 MPa <<
80 MPa %T— 45" \J‘/ = 80 MPa
——— = 60MPa

40 MPa



Og =120 MPa

o)

T = 60 MPa

M C/ 90.0 L

s ———2 |

2

Tp =~ 20 MPa

Oy =40MPa

OX = 80MPa



The stresses on two perpendicular planes through a point in a body are 30 MPa and 15
MPa both tensile along with a shear stress of 25 MPa. Find

(i) the magnitude and direction of principal stresses
(ii) the planes of maximum shear stress

(iii) the normal and shear stresses on the planes of maximum shearing stress




Plane state of strain

* In a plane strain probleme,,=0,y,,=v,,=0
and only 3 components of strain €, , €,, and
Yxy are enough to describe the state of strain.

 |f direct and shear strains along x and y
directions are known, normal strain (gg) and
the shear strain (dg) at angle 6 with the x
direction of a body can be found.




e Normal Strain

£, =& . COS20 + £, sin®0 + ¢ .sin 6. cos 6

3 1

E — o
0=3 (ex+ey)+ 2 (sx—-ey)cos29+ 5 ¢ sin 20

* Analogous to normal stress equation

1+ cos 29)

e In a linear strain system, g, =&_* C0s%0 or ex(
2

® Ina pure shear system and for 6 = 45° €450 = @/2,

’

* Shear strain %o =(g,—¢&,) sin 20 — ¢ cos 20



Principal Strains

e The maximum and minimum values of strains

on any plane at a point are known as the
principal strains

* Corresponding planes — Principal planes for
strains

- . 1 |
Principal strain = -Z-(Sx +€y) & 5\/(8x = €y)2 +¢°

* Principal planes are given by tan 26 = —2
Ex—

y



* Principal (Maximum) shear strains

1 2 o2
(pmax =i5\/(£\ —Sy) +'y

 Planes of maximum shear strains

g'r e 8)’
¢

* Sum of direct strains on 2 mutually
perpendicular planes

tan 20 = —

=g +
8.1'8

€T Egag0° y



Principal stresses from Principal strains

In a two-dimensional system o, = 0, and
g =0 /E—Vo,/E

o, =g Etvo, (1)
and & = g, — vo /E
82‘E=0'2—V0‘l (ii)

Inserting the value of o
g, E=0,-V(e E+ Vo) =0yl -V)—-ve - E

_ E(vg + &)
{Lp®

g,

E(V82 +€1)
="

Similarly, o=



* 3D system

__ El0-v)e +(ey + £5)V]
1 1+v)(1-2v)

_E[(A-v)gy +(&5+€)v]
(1+v)(1-2v)

_ E[(1-Vv)ez+ (& + &)V]

73 1+ v)(1-2v)

g,




Strain Rosette

Strain in any direction can be measured by using an instrument known as
strain gauge.

In case, directions of principal strains are known, two strain gauges can be
used to measure the strains in these directions and by using above
equations, the principal stresses can be calculated.

However, many times the directions of the principal strains are not known.

In such cases, a set of three strain gauges, known as a strain rosette, can
be used to find the strain in three known directions in order to determine
stress condition at a point under consideration.

Let €, and g, be the linear strains in x- and y-directions and ¢ be the shear
strain at the point under consideration.

Then linear strains in any three arbitrary chosen directions at angles 8,, 6,
and 8; made with the x-axis will be

g, =€,.C0s%0 + £, sin?@ + ¢ .sin. cos 6
gy = €, €08%0, + £, sin’d, + ¢ - sinf, - cosf),
£y =E,* C08°0, + £, - 5in%), + ¢ - sinf, - cosh,
£)3= €, * C05%0; + &, - sin%0; + ¢ - sinf), - cosf,



* |f three arbitrary directions are chosen in a set
manner and g,,, €y, and gy, are measured
along these directions, then g, , €, and ¢, can
be calculated by using the above equations.

* Principal strains and principal stresses can
then be calculated.



Rectangular strain Rosette

* |f the 3 strain gauges are set at 0, 45" and 90" with
the X direction, it is known as rectangular or 45°
strain rosette.

Strain
gauge
Strain
gauge
90°
2 Strain

gauge



Thus in this case, 9, =0° 0,=45° and 6,=90°

The above equations can be written as

80° = 8,1'
]
Egpe = &,

or & =&y &, T Egp and P=26450—6 FE,

* Now principal strains and hence principal
stresses can be calculated



Equiangular strain Rosette

* |f the 3 strain gauges are set at 0°, 60° and 120°

with the X direction, it is known as equiangular or
delta or 60° strain rosette.

Strain )
gauge Strain
gauge

120°
60° Strain
| 1 gauge




Thus in this case, 0, =0°, 0,=60° and 60,=120°

The above equations can be written as

Ego = &, (1)
l
Eggo = Z(sx +3¢€, + \/3.(/)) — (ii)
1
v = (e, 36, =) —— (i

From which, E, = Epo

2
Subtracting (ii1) from (ii), @ = ﬁ (Eg0° — €120°)
.e 2
From (ll)., 38)’ = 4860° - 8,\- == \/ggo = 48600 =.£6e = \/3 . —\/3 (8600 - 81200)

1
or &= ;(2860° + 2€120° — £0°)

Now principal strains and hence principal stresses can be calculated



